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Abstract 
We study a dependence relation between the join-irreducible elements of a finite lattice that 
generalizes the classical perspectiuity relation between the atoms of a geometric lattice. This 
relation is useful in the axiomatic approach of latticial consensus problems, since if it is strongly 
connected one can get arrowian theorems. First we show that the dependence relation is linked 
with the arrows relations between the irreducible elements of the lattice. Then we characterize 
the join-prime and the strong join-irreducible elements of the lattice by means of properties of 
the dependence relation, which induces characterizations of distributive and strong lattices by 
means of this relation. Then we characterize the sinks of the dependence relation which allows 
to show that this relation cannot be strongly connected in some classes of lattices. In the final 
note we point out the fact that this dependence relation generalizes the dependence relation 
introduced in the study of finite sublattices of free lattices. 
Nous Ctudions une relation de dCpendance entre les Clkments irrkductibles d’un treillis fini 
gknkralisant la classique relation de perspectivitk entre atomes d’un treillis gCom&trique. Cette 
relation est utile dans l’tttude axiomatique des problkmes de consensus latticiels puisque si elle 
est fortement connexe on peut obtenir des ‘thCorbmes arrowiens’. On commence par montrer 
que la relation de dCpendance peut s’obtenir B partir de la ‘table’ du treillis complttCe par la 
donnCe des relations ‘fl&ches’ entre les ClCments irrtductibles du treillis. On cara&rise les 
ilkments sup-irrtductibles sup-premiers ou forts du treillis au moyen de propriCtts de la relation 
de dtpendance, ce qui permet notamment d’obtenir une caracttrisation des treillis distributfi et 
des treillis forts au moyen de cette relation. On caractkrise irgalement les puits de la relation de 
dtpendance ce qui permet de montrer qu’elle ne peut Ctre fortement connexe dans certaines 
classes de treillis. Dans la note finale nous signalons que cette relation gCntralise la relation de 
dkpendance introduite dans l’irtude des sous-treillis finis du treillis libre. 
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1. Introduction 
In a 1990 paper on axiomatic lattice theory of consensus we introduced a depend- 
ence relation 6 defined on the set of join-irreducible elements of a (finite) lattice. First 
we explain briefly why this relation has been introduced. The axiomatic lattice theory 
of consensus intends to seek the ‘consensus functions’ i.e. the functions of L” into L, 
where L is a lattice, that are defined by specific axioms (‘good properties’), or 
conversely to characterize axiomatically such specific consensus functions (for further 
developments on this theory see especially [4, 8, 9, 15, 161. It turns out that if the 
dependence relation 6 of the lattice L is strongly connected (in the sense of graph 
theory) it is possible to characterize special consensus functions by means of classical 
‘arrowian’ axioms. This is for instance true for the meet projections (called also 
‘oligarchical’ consensus functions) defined by F(xl, . , xi, . , x,) = AXi, for i taken 
in a subset of { 1,2, . . . ,n}, which generalizes results on the consensus of partitions 
obtained by Mirkin [19] and Neumann and Norton [22]. We are interested to know 
when the dependence relation of an arbitrary (finite) lattice is - or is not - strongly 
connected and we began a study of this relation. The first observation was that in the 
case of geometric lattices the dependence relation is nothing but the classical perspec- 
tivity relation between the atoms of such a lattice and so its properties are fairly well 
known (and for instance the above results on the consensus of partition is a conse- 
quence of the fact that in the lattice of partitions - like in any irreducible geometric 
lattice - the dependence relation is complete). 
In this paper we report the results obtained on the dependence relation. A first 
interesting point is that it is linked with the ‘arrows relations’ defined between the 
join-irreducible elements and the meet-irreducible elements of the lattice. Then we 
describe general properties of the dependence relation, characterizations of distribu- 
tive and strong lattices by properties of this relation and other properties satisfied for 
some other classes of lattices; many questions remain open. 
2. Definitions and general properties 
Throughout this paper L is a finite lattice, i.e. a finite poset (L, <) such that two 
elements x and y of L have a join denoted by x A y and a meet denoted by x v y. The 
least element of L is denoted by 0 and its greatest element is denoted by 1. J(L) or 
simply J denotes the set of all join-irreducible elements of L, i.e. the set of all elements 
j that are not the join of two elements different fromj. Equivalentlyj is join-irreducible 
if it covers a unique element denoted by j- (i.e. ifj- <j and there does not exist x with 
j- < x < j). Dually M(L) or simply M denotes the set of all meet-irreducible elements 
of L, i.e. the set of all elements m that are not the meet of two elements different of m, or 
equivalently that are covered by a unique element denoted by m’. Examples of 
join-irreducible (resp. meet-irreducible) elements of L are the atoms (resp. the coatoms) 
of L, i.e. the elements covering 0 (resp. covered by 1). 
B. Monjardet, N. CaspardJ Discrete Mathematics 1651166 (1997) 497-505 499 
For other definitions not recalled here see by instance the books by Aigner [l]. 
Barbut et Monjardet [3], Birkhoff [S] or Gratzer [13]. 
Definition 1. Let j, j’ be two join-irreducible elements of the lattice L; we set j b .j’ if 
.j = j’ or if there exists an x in L such that j 6 x and j <j’ v x. 
So 6 is a reflexive relation defined on the set J of the join-irreducible elements of L. 
We call it the dependence relation on J. We could define dually a dependence relation 
on the set M of the meet-irreducible elements of L, but since in this paper we shall 
consider only the dependence relation 6 defined on J we shall speak of the dependence 
relation of the lattice L. 
Facts. 
-j li j’ (i. e. j 6 x and j <j’ v x) implies j’ 6 x. 
-.j d j’ implies j 6 ,j’ (indeed j < j' implies j < j' v 0). 
So the dependence relation of L contains the order relation defined on the set of 
join-irreducible elements of L. 
We give now a characterization of the dependence relation by means of an ‘arrow 
relation’ defined between the join and the meet irreducible elements of L. First recall 
the definition of the arrows relations [26] that are a weakening of the classical 
perspectivities relations defined in a lattice [13]. 
Definition 2. Let j be a join-irreducible element and m be a meet-irreducible element of 
the lattice L. 
,jtm if m is a maximal element of the set {t E L: j y& t}. 
jlm if j is a minimal element of the set {t E L: t fi m}. 
,jtJrn if jtm and jlm. 
Note that in these definitions, every maximal element of the set {t E L: j 6 t} is 
a meet-irreducible element (and dually that every minimal element of the set {t E L: 
t 6 m} is a join-irreducible element). 
Also for j in J we set p(j) = A {m E M :jTm} 
Theorem 3. Let j and j’ be two join-irreducible elements of a lattice. The ,following 
properties are equivalent: 
(1) j (5 j’; 
(2) there exists an m in M such that jtm and j’ fi m; 
(3) 1 6 u(j). 
Note. The equivalence of (1) and (3) in this theorem is due to Hicheri 1141. 
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Corollary 4. Let j, j’ and j” be three join-irreducible elements of a lattice. Then j 6 j’ and 
j’ < j" implies j 6 j”. 
The dependence relation has a nice behavior relatively to the situations where the 
lattice L is a direct product of lattices or is the lattice of all the Galois mappings of 
a lattice into another lattice. 
Theorem 5. Let L = L1 x .. . x Li ... x L, be the lattice direct product of the lattices Li, 
i = 1, . . . ,p and let 6i be the dependence relation of the lattice Li. Then the dependence 
relation 6 of L is isomorphic to the union of the dependence relations 6i: (J, 6) N u {( Ji, 
Si), i = 1, . . ,p>. 
Definitions 6. A Galois mapping from a lattice L into a lattice L’ is a mapping f from 
L into L’ satisfying f (0) = 1’ and f (x v y) = f (x) A ‘f(y). 
Let S and T be two binary relations defined respectively on the sets X and Y; the 
product relation of S and T, denoted by S x T, is the binary relation R defined on 
X x Y by (x, y) R (x’, y’) if x S x’ and y T y’. 
We denote by L 0 L’ the set of all Galois mappings from the lattice L into the 
lattice L’. It is well known (see, for instance, [23]) that L @L’ is a lattice for the 
pointwise order between mappings. 
Theorem 7. Let L @ L’ be the lattice of all the Galois mappings from the lattice L into 
the lattice L’. Then the dependence relation 6 of L @ L’ is isomorphic to the product of 
the dependence relations of L and L’. 
This result is due to Leclerc [15]. 
3. Characterizations of distributive and strong lattices by the dependence relation 
Distributive and strong lattices can be characterized by simple properties of their 
dependence relation. First we characterize some special join-irreducible elements of 
L by means of 6. 
Definition 8. A join-irreducible element j of L is join-prime if for all x, y in L such that 
jdxvy,onehasjdxorjdy. 
Theorem 9. Let j be a join-irreducible element of a lattice L. Then the following 
properties are equivalent: 
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(1) ,j is join-prime. 
(2) p(j) is a meet-irreducible element. 
(3) ,for every ,j’ in J, j 6 ,j’ej < j'. 
Corollary 10. A lattice L is distributive ifand only ifthe dependence relation of L equals 
the order relation between the join-irreducible elements of L. Especially, a lattice is 
boolean if and only if the dependence relation on J is the equality relation. 
This result comes immediately from the classical characterization of a distributive 
lattice (essentially due to Birkhoff [6]): a lattice L is distributive if and only if every 
join-irreducible element of L is join-prime, combined with the equivalence of (1) and 
(3) in the above theorem. 
Definition 11. A join-irreducible element j of a lattice L is strong if for every x in 
L such that j < ,j- v x, one has j < x. 
For instance atoms and join-prime join-irreducible elements of L are clearly strong 
join-irreducible elements. Notice also that in a lattice where 0 is the meet of all 
coatoms, a join-irreducible is strong if and only if it is an atom. 
Theorem 12. Let j be a join-irreducible element of L. Then the following properties (ire 
equivalent: 
(1) j is strong. 
(2) ,for every meet-irreducible element m of L, jrm implies jMm. 
(3) .i- G dj). 
(4) ,for every j’ in J with j’ <j, one hus j 6’j’ (tvherej 6’j’ means that,j is not in the 
relution 6 tvith j’). 
Now since strong lattices are defined as lattices for which every join-irreducible 
element is strong, one gets: 
Corollary 13. A lattice L is strong if and only if its dependence relation satisfies the 
,following property: for all j, j’ in J with j’ <j, one has j Scj’. 
Note: The notion of strong lattices has been introduced by Faigle [l l] and has 
been shown by Stern to be equivalent to his notion of lower balanced lattice (i.e. lattice 
where every join-irreducible element satisfies condition (2) of Theorem 12; see 1241). 
Faigle introduced the strongness notion in order to study ‘geometries on pose&‘: 
strong semimodular lattices generalize geometric lattices. Recall that the geometric, 
lattices are atomistic (every join-irreducible element is an atom) and (upper) 
semimodular (for all x, y in L such that x A y is covered by x and y, x and y are covered 
by s v y) lattices. Such lattices are also coatomistic (every meet-irreducible element is 
a coatom). What can be said of the dependence relation in these lattices? As it will be 
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shown in the following section it turns out that the dependence relation in a geometric 
lattice is nothing but the classical perspectivity relation defined on its atoms, 
4. Properties of the dependence relation in some classes of lattices 
Lemma 14. Let a and b be two atoms of a lattice L. Then the following four conditions 
are equivalent and imply the fifth condition: 
(1) there exists an x in L such that a v x = b v x = 1 and a A x = b A x = 0. 
(2) there exists a coatom c of L such that a v c = b v c = 1. 
(3) there exists a coatom c of L such that a A c = b A c = 0. 
(4) there exists a coatom c of L such that a fi c and b 6 c. 
(5) a 6 b and b 6 a. 
Two atoms which satisfy the first four conditions of the lemma are said to be 
perspective. 
Corollary 15. In an atomistic and coatomistic lattice L the dependence relation is 
symmetric and equals the perspectivity relation between the atoms of L. 
In the case of lattices which are also geometric there are classical results on the 
perspectivity - and thus dependence - relation: 
Theorem 16 (Maeda [17]). In a geometric lattice L the dependence (perspectivity) 
relation is an equivalence relation whose classes are in bijection with the factors of L in 
the decomposition of L as a direct product of irreducible lattices. Especially, L is 
indecomposable (by direct product) tfand only if the dependence relation is complete (i.e. 
a 6 b for all atoms a and b of L). 
For more details on these results one can see their excellent account in [l]. 
There is an extension of the last result to atomistic lattices (see [7]). We say that 
a relation R on the set X is strongly connected if for all x, y in X there exists a sequence 
x0 =x,x1, . . . ) xP = y of elements of X such that for i = O,l, . . . ,p - 1, xiRxi+l. 
Theorem 17. If the dependence relation of an atomistic lattice L is strongly connected 
L is simple (i.e. it only admits the trivial congruences). 
The last result concerns the existence of sinks or sources in the dependence relation 
of certain lattices thus implying that the dependence relation cannot be strongly 
connected. 
Definition 18. An element s is a sink (resp. a source) of a relation R defined on a set X if 
there does not exist an element x in X, different from s, such that s R x (resp. x R s). 
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Then from Theorem 9 one easily obtains: 
Proposition 19. (1) A join-irreducible element of a lattice L is a sink of the dependence 
relation of L if and only if it is join-prime and maximal in J. 
(2) A join-irreducible element j is a sink of the dependence relation of L if there esists 
u coatom c of L such that j is the unique join-irreducible element 6 c. 
A lattice L is join-extremal if its height (i.e. the length of a longest chain of L) equals 
the number of its join-irreducible elements. These lattices defined by Markowsky [IS] 
generalize the lower locally distributive lattices defined by Dilworth (1940) as those for 
which every element has a unique minimal representation as join of join-irreducible 
elements (for the several alternative definitions and rediscoveries in various contexts 
of the lower locally distributive lattices see [21]). 
Corollary 20. The dependence relation of a join-extremal lattice admits at least a sink 
whereas the dependence relation of a lower locally distributice lattice admits as man? 
sinks as coatoms of this lattice. 
Indeed in a join-extremal lattice there exists at least a coatom satisfying property (2) 
of proposition 19 [18], whereas in a lower locally distributive lattice this same 
property is true for each coatom [14]. 
Proposition 21. A join-irreducible element j of a lattice L is a source of the dependence 
relation qf L if and only if j is an atom of L satisfying for ecery m in M such that j fi WI 
.jMm and there does not exist j’ in J with j’tm. 
Corollary 22. A join-irreducible element j of a lattice L is a strongly connected class (i.e. 
a source and a sink) of the dependence relation of L if and only if there exists a coatom 
m of L such that jtlrn andfor all other join-irreducible elementsj’ (resp. meet-irreducible 
elements m’) j’ < m (resp. j < m’). 
5. Conclusions 
The initial question on the dependence relation was to characterize the lattices for 
which it is (or it is not) strongly connected. This question seems difficult to answer. 
The results presented in this paper give partial answers by showing that in lower 
locally distributive lattices (and especially in distributive lattices) the dependence 
relation cannot be strongly connected. But several other questions can be asked on the 
dependence relation. For instance, what are the dependence relations of a lattice? 1 t 
would also be interesting to study the links between this relation and other notions of 
dependence. Notice finally that all the results of this paper have dual results for the 
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dual dependence relation defined on the set of meet-irreducible elements of the lattice, 
and the consideration of the two dependence relations could bring further results. 
Note. In a 1976 paper studying finite bounded-homomorphic images of free lattices 
Day introduced a relation C on the join-irreducible elements of a finite lattice. It can 
be seen in the recent book of Freese et al., that this relation (or subrelations of C) plays 
an important role in the Nation proof of the Jonsson conjecture on finite sublattices of 
free lattice. In this book the C relation is denoted by D and called dependence relation. 
A way to define D is to say that j Dj' if there exists an m in A4 such that jlm and j’lm. 
Then D is generally a subrelation of our dependence relation 6 which equals D if and 
only if the lattice is atomistic. Since a consequence of Day results is that the 
dependence relation D of a lattice L is strongly connected if and only L is simple, 
Theorem 17 of this paper can be strenghtened: if a lattice is simple its dependence 
relation 6 is strongly connected. The inverse implication is generally false but it is true 
for atomistic lattices. Thus in the class of atomistic lattices those for which their 
dependence relation is strongly connected are characterized. 
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